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This paper out lines the implementation of the variational iteration method using He’s polynomials
(VMHP) for solving the Hirota-Satsuma model which occurs quite often in applied sciences. Numer-
ical results show that the proposed VIMHP is quite efficient.
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1. Introduction

Recently, Ji-Huan He [1 – 15] developed two very
efficient techniques which are named as variational
iteration (VIM) and homotopy perturbation (HPM)
methods. These schemes completely changed the re-
search scenario in nonlinear sciences due to their sim-
plicity coupled with tangible accuracy. VIM and HPM
have been applied on a wide range of physical prob-
lems, see [1 – 39] and the references therein. In a sub-
sequent work, Ghorbani and Nadjfi [26, 27] introduced
He’s polynomials which are calculated from the homo-
topy perturbation method (HPM). Most recently, Noor
and Mohyud-Din [33 – 35] made the elegant coupling
of He’s polynomials and the correction functional of
VIM. This very reliable modified version (VIMHP)
has been proved to be useful in coping with the phys-
ical nature of the nonlinear problems and, hence, ab-
sorbs all the positive features of the coupled tech-
niques, see [39 – 42]. Inspired and motivated by the on-
going research in this area, we applied the variational
iteration method using He’s polynomials (VIMHP) for
solving the Hirota-Satsuma model which arises quite
often in applied sciences, see [18, 29, 39 – 47]. The ob-
tained results are very encouraging.

2. Variational Iteration Method using He’s
Polynomials (VIMHP)

To illustrate the basic concept of VIMHP, we con-
sider the following general differential equation:

Lu + Nu = g(x), (1)
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where L is a linear operator, N a nonlinear operator,
and g(x) is the forcing term. According to VIM [5, 10 –
17, 19 – 25, 30, 32 – 38], we can construct a correction
functional as follows:

un+1(x) = un(x)

+
∫ x

0
λ (ξ )(Lun(ξ )+ Nũn(ξ )−g(ξ ))dξ ,

(2)

where λ is a Lagrange multiplier [5, 10 – 15], ũn is a
restricted variation; (2) is called a ‘correction func-
tional’. Now, we apply He’s polynomials [13, 14]

∞

∑
n=0

p(n)un = u0(x)

+ p
∫ x

0
λ (ξ )

( ∞

∑
n=0

p(n)L(un)+
∞

∑
n=0

p(n)N(ũn)
)

dξ

−
∫ x

0
λ (ξ )g(ξ )dξ ,

(3)

which is the VIMHP [33 – 35] and is formulated by
the coupling of VIM and He’s polynomials. The com-
parison of like powers of p gives solutions of various
orders.

3. Solution Procedure

Consider the following Hirota-Satsuma coupled
Korteweg-de Vries (KdV) system:

ut − 1
2

uxxx + 3uux−3(vw)x = 0,
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vt − vxxx −3uvx = 0,

wt + wxxx −3uwx = 0

with the initial conditions

u(x,0) =
1
3
(β −2k2)+ 2k2 tanh2(kx),

v(x,0) =
−4k2c0(β + k2)

3c2
1

+
4k2(β + k2)

3c1
tanh(kx),

w(x,0) = c0 + c1 tanh(kx),

where c0, c1, and β are constants. The exact solution
of the problem is given by

u(x, t) =
1
3
(β −2k2)+ 2k2 tanh2(k(x + β t)),

v(x, t) =
−4k2c0(β + k2)

3c2
1

+
4k2(β + k2)

3c1
tanh(k(x + β t)),

w(x, t) = c0 + c1 tanh(k(x + β t)).

The correction functionals for the above system are
given as

un+1(x, t) = un(x,t)+
∫ t

0
λ1(s)

[
unt − 1

2
ũnxxx

+ 3ũnũnx −3ṽnw̃nx
]
ds,

vn+1(x, t) = vn(x,t)

+
∫ t

0
λ2(s)(vnt − ṽnxxx −3ũnṽnx)ds,

wn+1(x, t) = wn(x,t)

+
∫ t

0
λ3(s)(wnt + w̃nxxx −3ũnw̃nx)ds.

Making the correction functional stationary, the La-
grange multipliers can easily be identified as λ1 = λ2 =
λ3 = −1, consequently,

un+1(x, t) = un(x,t)

−
∫ t

0

(
unt − 1

2
unxxx + 3ununx −3vnwnx

)
ds,

vn+1(x, t) = vn(x,t)

−
∫ t

0
(vnt − vnxxx −3unvnx)ds,

wn+1(x, t) = wn(x,t)

−
∫ t

0
(wnt + wnxxx −3unwnx))ds.

u(x)

Fig. 1. Solution u with b = 0, k = t = 1.

Applying the variational iteration method using He’s
polynomials (VIMHP), we get

u0 + pu1 + · · · = u0 − p
∫ t

0

[(∂u0

∂ s
+ p

∂u1

∂ s
+ · · ·

)

−1
2

(∂ 3u0

∂x3 + p
∂ 3u1

∂x3 + · · ·
)

+ 3(u0 + pu1 + · · ·)
(∂u0

∂x
+ p

∂u1

∂x3 + · · ·
)]

ds

−3p
∫ t

0
(v0 + pv1 + · · ·)(w0 + pw1 + · · ·)xds,

v0 + pv1 + · · · = v0 − p
∫ t

0

[(∂v0

∂ s
+ p

∂v1

∂ s
+ · · ·

)

−
(∂ 3v0

∂x3 + p
∂ 3v1

∂x3 + · · ·
)

+ 3(u0 + pu1 + · · ·)
(∂v0

∂x
+ p

∂v1

∂x3 + · · ·
)]

ds,

w0 + pw1 + · · · = w0 − p
∫ t

0

[(∂w0

∂ s
+ p

∂w1

∂ s
+ · · ·

)

+
(∂ 3w0

∂x3 + p
∂ 3w1

∂x3 + · · ·
)

+ 3(u0 + pu1 + · · ·)
(∂w0

∂x
+ p

∂w1

∂x3 + · · ·
)]

ds.

Comparing the coefficient of like powers of p, follow-
ing approximants are obtained:

p(0) :




u0(x, t) =
1
3
(β −2k2)+ 2k2 tanh2(kx),

v0(x, t) =
−4k2c0(β + k2)

3c2
1

+
4k2(β + k2)

3c1
tanh(kx),

w0(x,y, t) = c0 + c1 tanh(kx),
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(a)
v(x)

(b)
v(x)

Fig. 2. Solution v with b = 0, k = t = c0 = c1 = 1 (a), and
b = 0.01, k = t = c0 = c1 = 1 (b).

p(1) :




u1(x,t) =
1
3
(β −2k2)+ 2k2 tanh2(kx)

− 2coshx = 2t sinhx
cos3 x

,

v1(x,t) =
−4k2c0(β + k2)

3c2
1

+
4k2(β + k2)

3c1
tanh(kx)

+
cosh2 xcoshx + t sinhx

cosh2 x
,

w1(x,y,t) = c0 + c1 tanh(kx)

+ 2
−cosh2 +coshx + t sinhx

cosh2 x
,

...

(a)
w(x)

(b)
w(x)

Fig. 3. Solution w with b = 0, k = t = c0 = c1 = 1 (a), and
b = 0.01, k = t = c0 = c1 = 1 (b).

The closed form solution is given as

(u,v,w) = (ex+y−t ,ex−y+t ,e−x+y+t),

and is graphically depicted in Figures 1 – 3.

4. Conclusion

In this paper, we applied the variational iteration
method using He’s polynomials (VIMHP) for solving
Hirota-Satsuma coupled KdV systems. The method
is applied in a direct way without using lineariza-
tion, transformation, discretization or restrictive as-
sumptions. It may be concluded that the VIMHP is
very powerful and efficient in finding the analytical
solutions for a wide class of boundary value prob-
lems. The method gives more realistic series solu-
tions that converge very rapidly in physical prob-
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lems. It is worth mentioning that the method is ca-
pable of reducing the volume of the computational
work as compare to the classical methods while still
maintaining the high accuracy of the numerical re-
sult. The fact that the VIMHP solves nonlinear prob-
lems without using Adomian’s polynomials is a clear

advantage of this technique over the decomposition
method.
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